A DECOMPOSITION FOR COMPLETE NORMED
ABELIAN GROUPS WITH APPLICATIONS TO
SPACES OF ADDITIVE SET FUNCTIONS

BY
RICHARD B. DARST

1. Introduction. The purpose of this paper is twofold. Our principal objec-
tive is to present a Lebesgue type decomposition Theorem (Theorem 2.3)
for a generalized complete normed abelian group G, where generalized means
(1) that the norm (||x]|) of the nonzero elements x of G may be infinite (i.e. if
xEG and 20, then 0<||«|| < ») and (2) that only the subgroup of bounded
elements x (i.e. [x; ||x|| < « ) is required to be complete. In §3, we apply this
decomposition theorem to the space of finitely additive set functions on an
algebra S of subsets of a set X in order to generalize the Lebesgue decomposi-
tion for bounded and finitely set functions on .S (cf. [2]).

The basic form of our decomposition depends on what we call an admis-
sible algebra T of endomorphisms on G (Definition 2.3). It will be seen that
T is a Boolean algebra of projection operators with a condition on the manner
in which projection on disjoint subgroups effects the norm. It is this latter
condition which will provide our principal analytic tool.

Throughout this paper, G will denote a generalized complete normed
abelian group.

2. Decompositions and examples. We shall develop the notion of an ad-
missible algebra T of endomorphisms on G in two stages: the first algebraic
and the second analytic.

DErFINITION 2.1, A set T of endomorphisms on G is said to be an algebra
of endomorphisms on G if whenever each of a and b is an element of T, then

(1) ab=ba&T where ab(x) =a(b(x)) for xEG,

(2) aa=a, and

(3) a’=e—aET where e(x) =x for xEG.

Moreover, for each element a of T we let P(a) = [*xEG; a(x) =x].

We shall see that the mapping a—P(a) is an isomorphism of T onto a
Boolean algebra of subgroups of G. We have, from (2), that ||a|| =||e"|| <]|a||*
and, hence, if a0 then ||a]| 21 (||a|| may be infinite). Moreover, T has the
following properties:

(i) 0ET (aa’=0),

(ii) e€T (e=0'), and

(iii) @ + b — ab = (a'd’)’ € T [note that a’d’'(a + b — ab) = 0 and a'd’
+(a+b—ab)=a'b’+(ab+ab’)+b—ab=(a’b'+ab’) +b=b"+b=e].
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DeEeFINITION 2.2, If T is an algebra of endomorphisms on G and each of a
and b is an element of T, then a <b means ab=a.

THEOREM 2.1, If each of a and b is an element of an algebra T of endomor-
phisms on G, then

(i) 0=Za=e,

(ii) aSb=a=ab=ab' =0b"'=a'b'<a’ Z2b'eb=a+a’bthere exists an
element ¢ of T such that a=bc,

(iii) ab=0=a=ab'©a b/,

(iv) if ab=0,c=a, and d b, then cd=0,

(v) aNb=ab where aNb=sup[cET; c<a, c<b],

(vi) a\Jb=a+b—ab where a\Jb=inf[cET; c=a, c2b],

(vil)) a=b=P(a) CP(b),

(viii) #f a 0, then P(b)=P(a) ®P(a'd), and

(ix) P(ab)=P(a)NP(b).

Proof. Parts (i), (i), (iii), (iv), (v), and (vi) follow readily from our defini-
tions. (vii) If a £b, then d’a=ab’ =0 and, hence, if ax=x, then b’'(x) =b’a(x)
=0, (viii) It follows from (vii) that P(a) ®P(a’b) CP(b). Suppose xS P(b).
Then x=0b(x)=(a+a’b)(x)=ax+a’b(x); however, a(x)ESP(a)(aa=a) and
a'b(x)EP(a’b). Thus, xEP(a)®P(a'd). (ix) We have, by (vii), that P(ab)
CP(a)NP(b). Suppose xEP(a)N\P(b). Then ab(x)=a(b(x)) =a(x) =x and,
hence, x&E P(ab).

We shall now introduce our analytic tool which we shall denote by Prop-
erty A.

DerFiNITION 2.3. If T is an algebra of endomorphisms on G, then T is
said to be an admissible algebra of endomorphisms on G, if T has Property A:
If xEG, ||x|| < ©, and §>0, then there exists ¢>0 such that if each of @
and b is an element of T and ||a’b(x)|| >3, then ||(a+a’d) (x)|| > ||la(x)|| +e.

REMARK. We note that Property A is a condition only on the bounded
elements of G. At the end of this section, we shall give examples to show (1)
that e may depend only on § (Example 2.2 with Q=1), (2) that e may depend
on § and ||x|| but not on x (Example 2.2 with 0>1), and (3) that € may de-
pend not only on § and ||| but also on x (Example 2.4).

Henceforth T shall denote an admissible algebra of endomorphisms on G.

THEOREM 2.2. Suppose each of a and b is an element of T, then a <b if
and only if ||a(x)|| ||b(x)|| for all xEG.

Proof. If a < b, then b = a + a’b and, hence, if x € G, then ||b(x)||
=||(a+a’b)(x)”_z”a(x)”; in fact, inequality holds unless ||a’b(x)||=0. If
a £b, then ab’#0 and, hence, there exists an element x of G such that
|lad’ (x)|| 0. Thus, a(ad’(x)) =ab’(x) %0 while b(ad’(x)) =0.

COROLLARY 2.2.1. If a is an element of T and a0, then ||a|| =1.
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Proof. We have remarked earlier that ||a| =||a"|| <||a||" and, hence, ||a]| = 1.
By Theorem 2.2, we have that ||a|| <|¢]| =1. Thus, || =1.

REMARK. Later we shall give an example (Example 2.1) to show that the
condition: a <b if and only if ||a(x)|| =||6(x)|| for each xEG is not sufficient
to insure a decomposition. Property A is equivalent to: if *€G, ||#|| < , and
>0, then there exists € >0 such that if each of ¢ and b is an element of T,
ab=0, and ||b(x)|| > 8, then ||(a+)(x)|| >||la(x)|| +e.

LeEmMA 2.3.1. If xEG, {a:} | in T, and lim; ||a:(x)|| < =, then lim; ai(x)
exists.

Proof. Let L=lim; ||a:(x)|| and let >0. There exists a positive integer &
such that ||ax(x)|| < ©. There exists ¢>0 such that if each of ¢ and d is an
element of T and ||c’dax(x)|| >3, then ||(c+c'd)ar(x)|| >||car(x)|| +e. There
exists a positive integer 4 such that 12k and ||a:(x)|| <L+e. If >4, then
a;=a;+a}a:. Thus, ||a:x)|| =|le;+a}a:x)|| <L+e=|a;(x)||+e and, hence,
llas(x) —a;x)|| =]|a} ai(x)|| <.

DEerINITION 2.4. If each of x and y is an element of G and ¢>0, then

(1) Q¢ x)=[aE€T; ||la(x)|| <¢], and

(2) r(t, =, y)=sup|la()||; a€QE, %) ].

LeEMMA 2.3.2. Suppose each of x and y is an element of G, Hy“ < oo, r(t)
=r(t, x,y), r=lim,.oy r(t) < o, and €>0. Then there exists a sequence {b;
in T such that

(1) lim; by(x) =0,

(2) lim; “b;(y)” >r—e, and

(3) lim; b;(y) exists.

Proof. If =0, it is sufficient to let b;=0 for :=1. Suppose r >0 and m is
a positive integer such that 2™ <e. Let t;=1. There exists ¢,>0 such that

(1) e <2=m+b and

(2) if @, bET and ||a’b(y)||>2-™+V, then ||(a+a’b)¥)||>|e()|+e.
There exists ;& Q(¢, x) such that »(¢;) — Ha;(y)” <e. Let to=2"1(t — ||al(x)||).
If a € Qts, x), then ||(a1 + a{a)(x)|| = ||ai)|| + ||e@®)|| < #1 and, hence,
l@1taia) )| =rt) <||ax(®)|| +e. Thus, ||ala(y)||S2-+>. There exists
>0 such that if [la’b(y)||>2-™+2, then ||(a+a'b)(¥)|| >|/a(3)|| +e. There
exists a2 Q(tz, x) such that r(t) <||az(y)||+eg. If we repeat the preceding
process inductively, we obtain a sequence {a;} of elements of T, a-sequence
{e;} of positive numbers, and a sequence {t;} of positive numbers such that

(1) h=1 and t.~+1=2‘1(t,~—||a.-(x)”) for 'l>1,

(2) 0<e; <2 tmtD)

(3) if @, BET and ||a’b(y)|| >2-"+9, then ||(a+a’d) || >|la)|| +e.,

(4) a:€Q(t, x),

(5) r(t:) <||ai(»)|| +e;, and
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(6) if aEQ(tiy, x), then (a;+a! a) EQ(¢;, x) which implies ||(a.'+a.! a) (y)||
=r(t) <“a.-(y)” +¢; and hence, “a.’ a(y)“ S2-(mtd),

For each positive integer 1, a;=a:a!1+a@i1al o+ - - - +] s a;. Let
bi=]1;si a;. Then {b:;} | in T. Moreover,
€] [6:@)]| = [|last@)]| = 276,

(@i = 8| £ ||asaiaa®)|| + ||asaisaios(y)||
@ +o4 (I Yot s Sz, ana
1<jss i<t
r(t) — |6 = 7)) = la:)]| + [|(a: — 8]

< g4 22D < 2=tmkD o BT 9=tmb) < 2-0W L,
i<t i<t

©)

Hence, lim; ||b,~(y)|| =r—e. However, lim; b;(y) Slim; r(¢;) < « which implies
(Lemma 2.3.1) that lim; b; exists.

DeFINITION 2.5. If each of x and y is an element of G, then y is said to be

(1) absolutely continuous with respect to x (mod T) if for each e¢>0,
there exists §>0 such that if ¢ is an element of T and |la(x)|| <8, then
lle)|| <e, and

(2) singular with respect to x (mod T) if for each ¢>0, there exists an
element a of T such that ||a(x)|| <e and ||a’(y)|| <e. Moreover, we denote by
Gu(x, T) the set of elements & of G which are absolutely continuous with re-
spect to x (mod T) and we denote by G,(x, T) the set of elements u of G
which are singular with respect to x (mod T).

LEMMA 2.3.3. If xEG, then each of Gu(x, T) and G.(x, T) is a subgroup of
Gand Gs(x, T)NG,(x, T) =0. Moreover, if hEGy(x, T), then G,(k, T) DG,(x, T).

Proof. Suppose each of y and z is an element of G.(x, T) and €¢>0, then
there exists >0 such that if ¢€ T and ||a(x)|| <3, then each of ||a(y)|| and
”a(z)” <€/2 and, hence, ”a(y +z)|| <e. Thus, G,(x, T) is an algebraic subgroup
of G. Suppose {¥;{ is a sequence of elements of Gs(x, T), lim; y;=9, and
€>0. Then there exists a positive integer 7 such that ||y;:—y|| <e/2 and there
exists §>0 such that if aE€ T and ||a(x)|| <8, then ||a(y:)|| <e/2 and, hence,
el =lle@l|+lle =2l slla@al| +lly—»dl <e. Thus, yEGa(x, T). Sup-
pose each of y and 2 is an element of G,(x, T) and >0, then there exists a
and bE T such that ||a(x)|| <e/2, ||b(x)|| <e/2, ||a’(®)|| <e/2 and ||o(5)|| <e/2
and, hence, ||(a+b—abd) (x)|| =||a(®)|| +|| (6 —ab) (x)|| =||a(®)|| +]|6(x)|| <e and
l@+b—ab)’ (y+3)|| =||a’d’ (y+2)|| <||a’@)|| +|b’(2)|| <e. Suppose {y:} is a
sequence of elements of G,(x, T), lim; y;=7, and ¢>0. Then there exists a
positive integer ¢ such that ||y;—y|| <e/2 and there exists a €T such that
lla@)|| <e/2 and ||a’(3:)]| <e/2 and, hence, ||a’(¥)|| £|la’(39)|| +|a’(y—4)|
<e. Therefore, G,(x, T) is a subgroup of G. Suppose hEG4(x, T), s€G,(x, T),
and €>0. Then there exists §>0 such that if a€T and ||a(x)|| <8, then
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lla(k)|| <€ and, since s€G,(x, T), there exists a&T such that [|a(x)||
<min[e, 8] and ||a’(s)|| <min[e, 8]. Thus, ||a(k)|| <eand ||a’(s)|| <e. Hence,
SEG,(h, T).

REMARK. We shall give two examples (Examples 3.1 and 3.2) to show that,
in general, one can not assert that G is the direct sum of G,(x, T) and G,(x, T);
however, Theorem 2.3 shows that [yEG; ||3|| < © ] CGu(x, T) ®G.(x, T) for
each xEG.

LeEmMA 2.3.4. If each of x and y is a nonzero element of G, each of
l5l| is fimite, and y is singular with respect to x, then ||x+y|| > max ||«

and
B

Proof. Since the relation of being singular is symmetric, it is sufficient to
show that ||x+9|| >||x||. There exists a sequence {a:} of elements of T such
that a;x—x and a](y) —>y. There exists ¢>0 such thatif e & T and ||a’ (x +y)||
>|yll/2, then ||x+y| =|a(x+y)+a’(x+)||>|la(x+y)||+e Thus, since
a,~(x+y)—->xand||a,’(x+y) -—)y,l|x+y||=lim.~ a;(x+y)+a! (x+y)|| g”xl|+e.

LEMMA 2.3.5. Suppose each of x and y is an element of G, {a;} l inT, 2
=lim; a;(y), r=lim.o4 r(¢, x, ¥), and lim; a;(x) =0. Then ||z|| =<r.

]

y

Proof. It is sufficient to suppose r < «. If ¢>0, then there exists ¢ >0 such
that if €T and ||a(x)|l <t, then Ha(y)H <r+e¢€/2 and there exists a positive
integer 4 such that ||a.(x)|| <¢ and ||a:(y) —3|| <e/2. Thus, ||¢|| =||z—a:(¥)||
Hla:)| <r+te.

THEOREM 2.3. Suppose each of x and y is an element of G and ||y|| < .
Then there exists uniquely an element h of G and an element s of G such that

(1) y=h+s,

(2) h is absolutely continuous with respect to x (mod T), and

(3) s is singular with respect to x (mod T).

Proof. Uniqueness follows from Lemma 2.3.3; the problem is to show
existence. Let r=lim,.o;. 7(¢, x, ¥). [f r=0, let h=y and s=0 (YEG.(x, T) if
and only if r=0). Suppose r > 0. For each positive integer ¢, there exists ¢;>0
such that if each of ¢ and b is an element of T and ||a’d(y)||>2—, then
” (a+a'b)(9)|| >||a(®)|| +e:. There exists (Lemma 2.3.2) a sequence {a(1,4)} |
in Tand an element 2z, of Gsuch that (1) lim;a(1,2)(x) =0, (2) z;1=lim;a(1, ) (),
and (3) r-—||21[| <e.Lety,=lim;a(1,7)'(y) =y—2ziand letry=lim,.o4 r(¢, x, y1).
We assert that r; <21, Suppose, on the contrary, that r,>271. Then there
exists a sequence {b;} | in T and an element w of G such that (1) lim; b,(x)
=0, (2) w=lim; b;(y1) and (3) “'w” >2-1! (Lemma 2.3.2 again). However,
lim, ||54(y1)|| =1ims || b:a(1, 4)’(3)|| and, hence,

[z + w|| = lim lla@, () + o1, i)'8:)|| = lim la(t, DG + &

=zl +a>r;
but,
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lim [(a(t, ) + o1, )@ < lim [laCt, D@ +[[p:a)] = 0.

This contradicts the supposition that r;>27!. There exists a sequence
{a(Z,i)} l in T and an element 2, of G such that (1) lim;a(2,7)(x)=0,
(2) z=lim;a(2,i)(3) =lim; a(2,0)a(15)'(y), and (3) ri—||z <ex Let
ye=1lim; a(2,5)' (1) =lim; a(2,7)’a(1,5)'(y) and let ro=lim,.op 7(t, x, ¥2).
Then r; <22, Proceeding by induction, either there exists a smallest positive
integer ¢ such that ;=0 or ;>0 for each positive integer ¢. In the former
case we let h=y; and s= Y_;<;2; while in the latter case we let h=1lim; y;
and s= Y z—of course, we must first show that each of lim;y; and D z;
exists. Since y;=y— Y_js: 2, it is sufficient to show that g exists and this
is done as follows. Let s;= D _;z: 2. 1 1>14, then ||s;—sd| = || Dorsjze— Doksi 2]
=|| Xickss 2| £ Dicrss ||2al| S (Lemma 2.3.5)  2icksi 1S 2icks; 274D
<2-G-D and hence, lim; s;= ) _z, exists. By our construction, each z;EG,(x)
and, by Lemma 2.3.3, Gi(x, T) is a subgroup of G. Thus, s€EG,(x, T). In
order to complete a proof of Theorem 2.3, it is sufficient to show that
hEG.(x, T). To this end, suppose ¢>0 and 2-0G~D <¢/2. Then ||h—y,-||
=||s-—s.~||§2—<“” <e¢/2 and r;=lim;.o4r (¢, x, ¥;) <27'<e/2 which implies
that there exists >0 such that r(¢, x, v;) <e¢/2. If a€T and Ha(x)“ <t, then
la®)|| = llath — 33 +a@a)| ||k — 34|+ a(¥)|| < €/2 + €/2 = e. Therefore,
hEG.(x, T).

DEFINITION 2.6. The statement that a finite subset.[a:; i<n] of T is a
finite partition of e in T means that a,a;=0 if i5%j and D iz, ai=e.

THEOREM 2.4. Suppose xCG, ||x|| < », and €>0. Then there exists a finite
partition P=[as; i<n] of e in T such that if o€ T and i <n, then at least one
of ||l a:®)|| and ||a’ aix)|| <e.

Proof. Suppose, on the contrary, that Theorem 2.4 is false. Then there
exists a pair (x, ) which contradicts Theorem 2.4: ||x|| < », €>0, and if
[a;; i<m] is a finite partition of ¢ in T then there exists an element a of T
and a positive integer 4=<n such that each of ||a a:(x)|| and ||a’ a:(x)|| Ze.
Moreover, since the pair (x, €) contradicts Theorem 2.4, for each element a of
T at least one of the pairs (a(x), €¢) and (a¢'(x), €) contradicts Theorem 2.4,
ie., if P=[a;; i<m] works for a(x) (i.e.,if €T and < <m imply at least one
of ||ba;a(x)|| and ||b’ aia(x)|| <€) and Q= [b;; j<n] works for a’(x), then
R=[aa; ism]U[bja’; j<n] works for x. Hence, there exists a&T such
that (1) Hal(x)” =eand (2) the pair (af (x), €) contradicts Theorem 2.4; - - - ;
there exists @;;11€ 7T such that (1) ||a.-+1H,'5; al (x%ge and (2) the pair
(ITisis1 af (), € contradicts Theorem 2.4. Let b;= 2 _;5:a;. But, by Lemma
2.3.1, lim; b!(x) exists and, hence, lim; b;(x) exists. This contradiction
(||lx|| < ) establishes Theorem 2.4.

We shall apply Theorem 2.4 in §3. However, we shall first conclude this
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section by giving four examples. Our first example sheds some light on the
question: How strong an analytic condition is needed on an algebra U of
endomorphisms on G in order to assure that Theorem 2.3 will hold (mod U)?

ExaMpLE 2.1. In this example, T will be an algebra of endomorphisms on
G for which Theorem 2.3 does not hold; however, T will have the property
that if a, b€ T, then a b if and only if ||a(x)|| £|[b(x)| for all xEG.

Let S be an algebra of subsets of a set X, S contain an infinite number of
elements, G= [x; x is a real valued function on X, Hx” =sup [|x(t)| ; tEX]],
and T=[Pg; Pg(x)=x-C(E) where C(E)({)=1 if tEE and C(E)(t)=0 if
t&E]. Then there exist bounded elements x and y of G such that if each of
k and s is an element of G, y=h+s, and £ is absolutely continuous with re-
spect to x (mod T), then s is not singular with respect to x (mod T).

Proof. Since S is infinite, there exists a sequence {E;} of non-null pair-
wise disjoint elements of S. Let y=C(X) and x= Y 2-iC(E;). Suppose
y=h+s and BEGs(x, T). Then there exists >0 such that if ECS and
| Pe(x)|| <8, then || P&(h)|| <2~ and, hence, there exists a positive integer %
such that

()
>

“and, hence, s is not singular with respect to x(mod T).

ExaMpLE 2.2. Let X, S, G, and T be defined as in Example 2.1 except that
if xEG, then ||x|| = (X iex |2()]9)1/, where Q is a real number 1. Then
T is an admissible algebra of endomorphisms on G.

ExaMPLE 2.3. Let G be a Hilbert space, let [Ex; — © SN\ < » | be a resolu-
tion of the identity, and let T be the algebra of projection operators gener-
ated by projections of the form E,;,—E,, u=0. Then T is an admissible
algebra of endomorphisms on G.

ExaMpLE 2.4. Let X, S, G, and T be defined as in Example 2.1 except that
X is the set of positive integers, if xEG, then Hx“ =|x(1)| + Xin (|x(2i)| :
+|x(2i+1)| #)1/i and each one element subset [7] of X is an element of S.
For each positive integer ¢ we let x;=C([2¢, 2s+1]) and we let a;=Pp;.
Then ||x]| =2t/%, ||ai(x:)|| =1 and ||a/ (x))|| =1. Thus, in this example, while
T is admissible, the € we get in satisfying Property A depends not only on &
and ||x|| but also on x.

3. Spaces of finitely additive set functions. Throughout this section, X
will denote a set, S will denote an algebra of subsets of X, G will denote the
generalized complete normed abelian group of finitely additive set functions
on S where the norm (||«]|) of the elements x of G is the total variation
(V(x, X)) of x on X, and T will denote the admissible algebra of projection
operators induced by S, i.e., T=[Pg; Pg(x)(F)=x(ENF) for E, FES and
xEG).

< 271, Thus, for all j > 4, inf[s(t); ¢t € E;] 2 2!
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Let us recall that if Sis an infinite set, then there exist unbounded finitely
additive set functions x on S (i.e., elements x of G such that ||x|| = »).

We shall extend the Lebesgue type decomposition for bounded and
finitely additive set functions on a set algebra S which was presented in [2].
The definitions of absolute continuity and singularity which we use here are
equivalent to those which were used in [2]. In order to make this paper self-
contained with respect to notation and terminology, it is necessary to observe
the following:

1 ||PE(x)|| = V(x, E) for EES and x&G,

(2) PgPr=Pgnr,

(3) PE' =P(E'), where E'=X—E,

(4) if ENF=0: PgPr=0, then ||Pe(x)+Pr()||=||Peur®)||=|Pze)
+||Pr(x)|| for all xEG, and

(5) Pg=Prif and only if ECF. Our first extension is the following con-
sequence of Theorem 2.3.

TaeoreM 3.1. If x is a finitely additive set function on S and y is a bounded
and finitely additive set function on S, then there exists uniquely an element h of
G and an element s of G such that

(1) y=h+s,

(2) h is absolutely continuous with respect to x (mod T), and

(3) s is singular with respect to x (mod T).

THEOREM 3.2. If x is a bounded finitely additive set function on S and y is
absolutely continuous with respect to x (mod T), then y is bounded.

Proof. Since y is absolutely continuous with respect to x (mod T), there
exists 6>0 such that if EE€S and V(x, E) <8, then V(y, E) <1. By Theorem
2.4, there exists a finite partition [Pg,;i<n] of Px in T such that if EESand
1<, then at least one of V(x, ENE,) and V(x, E‘'NE;) <& and, hence, at
least one of V(y, ENE;) and V(y, E'NE;) <1. For each positive integer
1<n, Iy(EﬂE;)—y(E;)I = |y(E’f\E,-)|. Hence Iy(Ef\E;)| <|y(E.—)| +1 for
all EES. Thus, V(y, E;) =2 (sup[| y(ENEy)|; EES]) S2(|y(E)| +1) <
for i<n and, hence, ||y]| = V(y, X) = 2 isn V(9, E) < .

In the general setting of §2, the analog of Theorem 3.2 is not, in general,
true. For example, let S be infinite and let T’ be the subalgebra of T" which
consists of 0 and e. Then any two nonzero elements of G are absolutely con-
tinuous with respect to each other (mod T”); but, there exist unbounded, as
well as nonzero bounded, elements of G.

TueoreM 3.3. If each of x and y is a finitely additive set function on S and
at least one of x and vy is bounded, then y is decomposable with respect to x (mod T)
if and only if there exists a sequence { E;} | in S such that lim; V(x, E)) =0 and
lim; V(y, E!) < =,
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Proof. If ||| < = a decomposition exists; moreover, it is sufficient to let
E;=8 for i=1. Suppose ||3|| = » and ||z|| < .

Necessity. Suppose y=h+s, h&G4(x, T), and sEG,(x, T). Then, by Theo-
rem 3.3, || k|| < © and, by the definition of singularity, there exists a sequence
{F.'} of elements of S such that V(x, F;) <2—% and V(y, F!)<2~% Let
Ei=I1;si Fi. Then {EJ} | in S, V(x, E;) <2-%, and V(y, E!)=V(h, E!)
+V(s, EH)SV(h, X)+ X iz Vs, F}) <|[h]| +1 < .

Sufficiency. Let y;=Pg(3). Then |lyir;—d|=|V(, E)—V(y, E!)]
= V(y, E\NEl,) =| y.~+,-|| —|lyi|. Hence z=1lim; y; exists and ||2|| < « ; more-
over, y—3EG,(x; T). By Theorem 3.1, there exist & and s, such that z=h+s,,
hEG,(x, T), and s:EG,(x, T). Finally, s=y—h=(y—2)+1EG,(x, T).

ExaMrLE 3.1. Let X be the set of positive integers and let S be the alge-
bra of all subsets of X. Let x&G such that if ECX and E#6, then x(E)
= Y ez 2~ Let y€G such that y(X) =0 and y([¢]) =1 for all iEX. Then y
is not decomposable with respect to x (mod T).

ExaMPLE 3.2. Let X be the half open interval [0, 1). Let S be the algebra
of subsets of X generated by elements of the form E(m,n) = [m/2*, (m+1) /2,
0=m<2", ie., S=[Uig E(m;, n)); 0Sm; <2%]. We shall define ¥ induc-
tively as follows. Let y(X) =1, ¥(EQ2m, n + 1)) = 2y(E(m, n)), and
y(E@m+1, n+1)) = —y(E(m, n)). Then y is unbounded on each nonempty
element of S. Hence y is decomposable with respect to no bounded finitely
additive set function on S except the constant function 0; but, every finitely
additive set function on S is absolutely continuous with respect to y. Cameron
(cf. [1]) has shown that a complex Wiener measure is unbounded on every

nonempty set of the algebra on which it is defined.

CoroLLARY 3.3.1. If y is an unbounded finitely additive set function on S
(i.e., yEG and ” y” = o), then there exists a bounded finitely additive set function
x on S such that vy is not decomposable with respect to x.

Proof. Let K= [EES; V(y, E) < » ]. Then K is a proper ideal in S. There
exists a maximal proper ideal J in S such that K CJ. There exists, uniquely,
xE&G such that x(E)=0if EEJ and x(E)=1if E€J. It is impossible to de-
compose y with respect to x: if V(x, E) <1, then E' ¢ K and, hence, V(y, E’)

= 00,

THEOREM 3.4. Suppose S is a sigma algebra, y is a countably additive set
function on S, and x is a finitely additive set function on S. Then y is (e—9)
absolutely continuous with respect to x (mod T) if and only if y is 0—0 ab-
solutely continuous with respect to x, i.e., if and only if EES and V(x, E)=0
imply V(y, E)=0.

Proof. Sufficiency. Suppose y&Ga(x, T). Then lim,.our(¢, x, y) >0, and,
by Lemma 3.2, there exists a sequence { E;} | in Ssuch that lim; V(x, E;) =0
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and lim; V(y, E;)>0. Since S is a sigma algebra, E=NE;E.S; moreover,
V(x, E) £lim; V(x, E;) =0. Finally, since y is countably additive on S, V(y, E)
= hm. V(y, E.) >0.
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ERRATA TO VOLUME 98

C. C. Elgot. Decision problems of finite automata design and related arithmetics

Page 23, Lines 10, 11. Replace each f by p.

Page 23, 3.6(b), Line 2. The words “by a finite number . . . ” should start
a new line.

Page 24, Line 9 (second display formula). Replace “(a, b)” by “(b, a)”.

Page 46, 8.6.2, Line 5. Replace “let z be the maximum” by “let % be one
more than the maximum?”,

Line 7. Replace “for some n-ary R” by “for some R which is z-ary”.

The third sentence (beginning on the sixth line) of §8.6.2 on page 46 is
in error but is readily correctable. “It may be seen that Tpim . (A.M)
=S5US\J . - - USy, where S;, j=1, 2, - - -, k, is the set of all infinite R;-
sequences f such that (f [ n) €E;, for appropriate R;, E;, and that k need
not be 1. For example, let M be

0eFANOGEFAN(xEFNx&EF-V-xEFANxEF):V:

0 FINOEFN(xEFIANxEF, V-2 & Fi A2 EF)).
Then T3 (A, M) is the union of the set of all infinite sequences in (1, 0) and
(1, 1) which begin with (1, 0) and the set of all infinite sequences in (0, 1)
and (1, 1) which begin with (0, 1). Thus, in this case, k=2. Let Q be
(0EF,NOEF,- V-0&F,AOEF,)
N (xEFNsEFAsEF A EF5- V- s EF AxEFNxEF A2 EF,
. V'xEFleEFzAxGEFan,GFa V x@Fl/\xEFg/\xGEFgl\x’QFa).
Then A.M=Vpg, A.Q and T5A.Q is a set of R-sequences, for the binary R
indicated by the formula, beginning in a designated way and Ty (A, M) is a

projection of Ty (A.Q). Quite generally it is the case that S;\US,U - - - \US;
is the projection of a set of R-sequences beginning in a designated way so



